Computational fluid dynamics provides the framework for explaining fluid motion. The methodology proposed in this paper applies partial differential equations such as NavierStokes for modelling the optical flow in image sequences displaying complex motion. The proposed robust stable fluid solver has the following components: robust diffusion, advection and mass conservation. We employ a robust diffusion kernel which combines the geometry preserving property of the heat kernel with an outlier rejection mechanism. The proposed methodology is applied on the artificially generated Von Karman flows, after considering additive noise, and onto the optical flow extracted from real image sequences.
INTRODUCTION
Classical motion estimation has been performed by using gradient or feature-based approaches. However, such simplistic methods fail in the case when attempting to model the motion of fluids from image sequences. The movement of fluid flows is explained by means of computational fluid dynamics (CFD) theory which is based on the Navier-Stokes equations [1] . CFD have been used for characterizing climatology, the movement of ocean currents, water flow in pipes, the air flow around wings, the motion of stars in a galaxy, blood flow, economics behaviour, etc. Bertalmio et. al. applied the NavierStokes equations to image and video inpainting [2] . Their approach uses the fluid flow equations attributed to the image intensity-Laplacian relationship. Corpetti et. al. used the vorticity-stream formulation to recover the dense motion of water vapours [3] , while in [4] Navier-Stokes equations are used for modelling Von Karman flows.
The Stable Fluid Solver (SFS) method has been employed for visualizing flames and for building animation tools by using fluid-like motion [5, 6] . The SFS algorithm implements the Navier-Stokes equations according to a set of consecutive processing steps: advection, diffusion and mass conservation. Boundary conditions are required in CFD systems for constraining the space of fluid movement [1, 5] . Diffusion by implementing the heat kernel was used for smoothing images without blurring the edges in [7] . In [8] the direction of smoothing is indicated by the eigenvectors of the local data Hessian. In [9] a set of optical flow smoothers, which combine the ability of the local data Hessian to detect vector flow changes with the robust statistics estimators property to eliminate outliers, have been applied for smoothing the optical flow from various image sequences.
In this study we propose to embed a robust anisotropic diffusion kernel into the SFS methodology and use it for smoothing vector fields. For this purpose we consider the median of the Hessian-based kernel. We show how characteristic patterns such as vortices can be detected and extracted from the smoothed flow. The proposed approach is used for smoothing and modelling artificially generated vector fields as well as on the optical flow from real image sequences. Section 2 introduces the stable fluid solver method which implements the Navier-Stokes equations. Section 3 describes the proposed hybrid solver applied for smoothing vector fields. Experimental results and their analysis is provided in Section 4, while Section 5 concludes the paper.
NAVIER-STOKES EQUATIONS
Navier-Stokes equations are nonlinear partial differential equations which have been used to describe the motion of fluid [1] . The Navier-Stokes equations assume that the fluid being studied is a continuum which requires well defined boundary conditions. The Stable Fluid Solver (SFS) method represents an implementation of the Navier-Stokes methodology in an implicit scheme which was used for simulating smoke and other visual effects in computer graphics scenes [5, 6] .
Let us assume that an image is made up of particles located on a grid, each grid location being associated with a pixel neighbourhood. The SFS system moves the particles around, according to a vector field, where each vector corresponds to a grid location. The Navier-Stokes differential equation resulting from the moment conservation conditions employed by the SFS method is given by [1, 5] :
where the change of velocity u over time is represented with respect to the advection, diffusion and the external forcing function f , while ν is the viscosity constant.
SFS has been implemented as an iterative algorithm in [5] which has the following processing stages when processing a vector field u : 1. Add force:
The external function f determines the initial conditions. The second step implements the advection, while the third step transforms the velocity field to the frequency domain using the Fast Fourier Transform (FFT) [5] . The original NavierStokes formulation requires strict boundary conditions [4, 6] . Instead, in [5] Stam uses FFT by assuming the repeatability of the system beyond its boundaries. Finally, the signal is transformed back from the FFT domain to the signal domain. Mass conservation should be used in order to ensure the incompressibility of the flow. Pure computational fluid dynamics methods such as SFS are not able to deal with noise. The outliers are spread around in the signal flow producing bias in the surrounding data. In the following we describe how to embed a robustified anisotropic kernel in the diffusion stage.
THE ROBUST DIFFUSION HYBRID FLUID SOLVER
In the following we consider that the location of the vector field is defined on a grid. The initial flow, which is required by Navier-Stokes based formulations such as SFS, can be estimated by using various classical optical flow estimation methods [9] . The main contribution in our approach is that we employ an explicit diffusion step in the Stable Fluid Solver formulation. In the following we use the Hessian based diffusion that jointly processes the local geometry and the vector field statistics by using the following diffusion kernel:
whereû 2 (x) is the intermediate diffused value, H represents the local Hessian, u 1 (x i ) is the vector at location x i within a neighbourhood x i ∈ η(z c ), centered at the location z c . The motivation for using robust Hessian based anisotropic diffusion is provided in [9] . A study analyzing the bias introduced when diffusing smooth signals contaminated by outliers is provided in [9] . The matrix H is represented as :
with the entries
, where u = (u x , u y ). We consider the Median algorithm for robustifying the output of the diffusion process :
where η med (z c ) represents the vectors from the neighbourhood around the location z c . The self-advection term represents the ability of the velocity components to move from one location to another on a grid in a time step interval. The advection stage is implemented in the proposed approach after diffusion according to the following calculation :
where u = (u x , u y ) The analysis of the advection process in real phenomena is provided in [1] . This procedure is implemented by interpolating the velocity at grid points, using a neighbourhood approximation, from the previous time step back to the position in the current time step [5] . The physical boundary is enforced by the Von Neumann condition which specifies the normal component of the flow to the boundary surface as ∂u/∂n| Ω = 0, where n and Ω represent the boundary and its surface normal, respectively. An important processing stage is representing by the conservation of mass which is implemented in the velocity field in the proposed approach. Local incompressibility of the optical flow requires that the amount of flow entering in a specific area should be equal with the flow exiting that area. This results into enforcing that
for i ∈ {3, 5} which states that the divergence of velocity components is zero. The conservation of mass corresponds to a data normalisation process. This condition is implemented by using the Helmholtz-Hodge decomposition of the velocity field which enforces the incompressibility and preserves the velocity field smoothness [1, 5] . The proposed methodology is called the Median of Hessian based kernels Stable Fluid Solver (MedH-SFS). Fig. 1 shows a flow diagram of the proposed robust diffusion hybrid fluid solver method. After estimating and smoothing the vector field as described above we can proceed to extracting salient patterns that are characteristic to turbulent motion flows such as vortices and hyperbolicities, representing critical movement regions in turbulent flows. The characteristic function of the tensor ∇u is written as, [10] :
where λ is the eigenvalue of the tensor ∇u, and the parameters correspond to its trace and determinant, respectively: p = −T r(∇u) and q = Det(∇u). The discriminant of equation (7) is :
The regions which are characterized by ∆ ≈ 0 correspond to the bifurcation between two phases of flow, while ∆ > 0 identifies regions of vorticity. In our approach we propose to use a weighted average of such discriminants calculated in a neighbourhood of 5 × 5 as:
where w i = {1,
} represents the weight corresponding to each vector configuration. Each ∆ i is calculated as in (8) and corresponds to a symmetrical structure of a specific orientation and located in the nearby two layers of grid locations from the likely vortex center. The weights w i are inverse proportional with the distance from the estimated vector locations to that of the likely center of vorticity.
EXPERIMENTAL RESULTS
The proposed method was evaluated on various vector fields. A synthetic field is generated using the vorticity-stream formulation of the Navier-Stokes equations [1] . Fig. 2(a) depicts the simulated Von Karman vortex street and a snapshot selection, while Fig. 2(b) shows the vectorial field corresponding to the Von Karman vortex street which is used as ground truth. The boundary conditions are imposed by the box limits while a semi-cylinder G inside is used as a generating platform for fluid patterns, as shown in Fig. 2(a) . The flow from Fig. 2(b) is corrupted with Gaussian noise of variance 0.10 as shown in Fig. 3(a) . The noisy vector field is smoothed using the Median of the Hessians based kernels Stable Fluid Solver method (MedH-SFS) described in this study. Its performance is compared with those provided by SFS [5] , SFSM [6] and the anisotropic diffusion algorithm TD from [8] . Figs. 3(b) and 3(c) represent the smoothed flow obtained at convergence using SFSM and MedH-SFS, respectively. Table 1 provides the number of iterations, the error in the estimation of the vector field as measured by mean square error (MSE), mean cosine error (MCE) and vorticity segmentation error. MCE is used to identify errors in the flow direction and implements the dot product average between the normalized ground truth and the smoothed vectors, u ·û/( u û ). The regions characterized by vorticity are segmented by calculating ∆ using (8) or ∆ w from (9) and thresholding, in both the ground truth from Fig. 2(b) and in the smoothed vector fields. The error is evaluated as a percentage of mis-correspondence and according to our experimental results from Table 1 it is minimum when using ∆ w in the vector field smoothed by MedH-SFS. The proposed methodology was applied for modelling complex optical flows from real images. Fig. 4(a) a frame from "Solar Flare" image sequence obtained from Kanzelhöhe Obervatory's solar and environmental research website. The initial optical flow has been estimated using the block matching algorithm (BMA) and is shown in Fig. 4(b) . The complexity of the motion in the scene as well as the compression artifacts influence negatively the performance of the BMA algorithm. Fig. 4(c) and Fig. 4(d) show the smoothing result when using the algorithm of Black et al. from [7] and the proposed MedH-SFS, respectively. The improvements provided by the MedH-SFS over the optical flows provided by BMA as well as that smoothed by Black et al. are evident as it can be observed from these smoothed optical flows. Patterns of turbulent movement on the solar surface can be clearly identified from Fig. 4(d) .
CONCLUSION
The methodology provided in this paper outlines a physics based model for processing the optical flow extracted from image sequences displaying complex fluid flows. The Median of Hessian kernels Stable Fluid Solver method is based on the Navier-Stokes equations and implements the following processing stages: robust diffusion, advection and mass conservation. For improving the smoothness we employ the median of the local Hessian-based kernel in an explicit diffusion modelling stage. The proposed methodology is applied to artificial vector fields as well as to optical flows estimated from image sequences of natural phenomena.
